Under the assumption that both light and heavy quarkonia populate approximately linear Regge trajectories with the requirements of additivity of intercepts and inverse slopes, the masses of different meson multiplets are estimated. The predictions derived from the quasi-linear Regge trajectories are in reasonable agreement with those given by many other references. *
Introduction 2
The parameters of Regge trajectories and spectroscopy
By assuming the existence of the quasi-linear Regge trajectories for a meson multiplet, one can have
where i (ī ′ ) refers to the quark (antiquark) flavor, J and M iī ′ are respectively the spin and mass of the iī ′ meson, α iī ′ (0) and α ′ iī ′ are respectively the intercept and slope of the trajectory on which the iī ′ meson lies. For a meson multiplet, the parameters for different flavors can be related by the following relations proposed in the literature:
(i) additivity of intercepts,
(ii) additivity of inverse slopes,
(iii) factorization of slopes,
The relation (2) is first derived for u(d)-and s-quarks in the dual-resonance model [11] , and it is satisfied in two-dimensional QCD [12] , the dual-analytic model [13] , and the quark bremsstrahlung model [14] . Also, it saturates inequalities for Regge trajectories [15] which follow from the schannel unitarity condition. The relation (3) is derived based on topological expansion and the qq-string picture of hadrons [17] , and the relation (4) follows from the factorization of residues of the t-channel ploes [18] . The paper by Burakovsky et al. [16] shows that only additivity of inverse
Regge slopes is consistent with the formal chiral and heavy quark limits for both mesons and baryons, and factorization of Regge slopes, although consistent in the formal chiral limit, fails in the heavy quark limit. In our present work, we shall assume that the relations (2) and (3) are valid for the quasi-linear Regge trajectory.
Based on the quasi-linear Regge trajectory (1), together with the relations (2) and (3), we can construct the Regge trajectories. The starting point for constructing a meson Regge trajectory is the meson assignment. According to the argument that the state with spin J and its partners with the same quantum numbers but spin J + 2, J + 4, · · · populate a common linear Regge trajectory [10] , the meson assignment is shown in Table 1 . In the following, n denotes u-or d-quark.
Trajectories
Meson states 
and with the help of the relations (2) and (3), one can extract the parameters of the 1 1 S 0 trajectories shown in Table 2 . Table 2 . Parameters of the 1 1 S 0 trajectories of the form (1).
Based on these parameters, the masses of the J = 0, J = 2 and J = 4 states lying on the 1 1 S 0 trajectories can be estimated. Comparison of our predictions with those given by other references is shown in Tables 3-I ∼ 3-III. Hereafter, the masses used as input for our calculation are shown in boldface.
2.2
The 1 1 P 1 and 1 3 P 1 trajectories
In our calculation of the masses of the states lying on the 1 1 P 1 (1 3 P 1 ) trajectories, we adopt the assumption presented by Ref. [7] that the slopes of the parity partners trajectories coincide, and further, that the slopes do not depend on charge conjugation in accordance with Table 3 -I. The masses of the nn, ss and ns states lying on the 1 1 S 0 trajectories. Table 2 into the following equations
together with the relations (2) and (3), one can extract the parameters of the 1 1 P 1 trajectories summarized in Table 4 . With these parameters, the masses of the J = 1, J = 3 and J = 5
states lying on the Ref. [34] 6.310
Ref. [35] 6.255
Ref. [36] 6.280
Ref. [37] 6.255
Ref. [38] 6.326
Ref. [39] 6.386
Ref. [40] 6.194-6.292
Ref.
[41] ≥ 6.220 Table 4 . Parameters of the 1 1 P 1 trajectories of the form (1).
of K 1A , K 1B , K 1 (1270) and K 1 (1400) must obey the relation[42]
then using M K 1 (1400) = 1.402 GeV, M K 1 (1270) = 1.273 GeV [2] , and M K 1B = 1.36 GeV shown in Table 5 -I, one can have M K 1A = 1.318 GeV. Based on the values of the slopes shown in Table   2 , inserting M K 1A = 1.318 GeV as well as the masses of a 1 (1260), χ c1 (1P ) and χ b1 (1P ) into the following equations Table 5 -I. The masses of the nn, ss and ns states lying on the 1 1 P 1 trajectories. Ref. [24] 3.526
Ref. [25] 3.458
Ref. [26] 3.493
Ref. [27] 3.521
Ref. [28] 3.501
Ref. [29] 3.496
Ref. [30] 3.526
Ref. [31] 3.525
Ref. [32] 3.529 Table 5 -II. The masses of the cn, cs and cc states lying on the 1 1 P 1 trajectories.
and using the relations (2) and (3), one can extract the parameters of the 1 3 P 1 trajectories summarized in Table 6 . In terms of these parameters, the masses of the J = 1, J = 3 and J = 5
states lying on the 1 3 P 1 trajectories can be given. Table 7 -I. The masses of the nn, ss and ns states lying on the 1 3 P 1 trajectories. 
and by means of the relations (2) and (3), one can extract the parameters of the 1 3 S 1 trajectories as shown in Table 8 . For the masses of the J = 1, J = 3 and J = 5 states lying on the 1 3 S 1 masses of a 2 (1320), K * 2 (1430) 3 , χ c2 (1P ) and χ b2 (1P ) into the following equations
one can extract the parameters of the tensor meson trajectories as summarized in Table 10 .
Based on these parameters, the masses of the J = 2, J = 4 and J = 6 states lying on the tensor meson trajectories can be obtained. Comparison of our predictions with those given by other references is shown in Tables 11-I ∼ 11-III.
2.5
The 2 3 S 1 trajectories
Finally, we wish to discuss the 2 3 S 1 trajectories. According to Ref. [5] , the corresponding slopes of the 2 3 S 1 and 1 3 S 1 trajectories coincide. Therefore, based on the values of the slopes Table 10 . Parameters of the 1 3 P 2 trajectories of the form (1).
shown in Table 8 , inserting the masses of ρ(1450), ψ(2S) and Υ(2S) into the following equations,
one can extract the values of α nn (0), α cc (0) and α bb (0). In order to obtain the parameters of the trajectories on which the states containing s-quarks lie, we should have the masses of the states containing s-quarks of the 2 3 S 1 multiplet. According to Ref. [2] , only the mass of the state φ(1680) is well established experimentally 4 . Also, the physical state φ(1680) is usually believed 4 The assignment that K * (1410) belongs to the 2 3 S1 multiplet is problematic, which will be discussed below. to be the mixture of ss with the light quark-antiquark component. Therefore, we are forced to make an additional assumption. In our calculation, we assume that the masses of the φ(1680) and the pure ss state of the 2 3 S 1 multiplet are close. As we known, M ρ ≃ M ω implies that the ω and φ are almost ideally mixing [43] , that is to say, the masses of the physical state the φ and the pure ss state of the 1 3 S 1 multiplet are close. In fact, comparison of our prediction shown in Table 9 -I, M ss = 1.01 GeV, with the mass of the physical state φ, M φ = 1.019456 GeV [2] , already clearly indicates that the masses of φ and the pure ss state of the 1 3 S 1 multiplet are close. Based on the fact that M ρ(1450) ≃ M ω(1420) [2] , in analogy with the ω vs. φ, the physical states ω(1420) and φ(1680) can be considered to be almost ideally mixing. In addition, the decay modes of the φ(1680) [2] strongly imply that the physical state φ(1680) is almost a pure ss state. We therefore conclude that our assumption that the masses of the φ(1680) and the pure ss state of the 2 3 S 1 multiplet are close is plausible. Under this assumption, the α ss (0) can be
Based on the values of α nn (0), α cc (0), α bb (0) and α ss (0), from the relations (2) and (3), all the parameters of the 2 3 S 1 trajectories are presented in Table 12 . The masses of the J = 1, J = 3 and J = 5 states lying on the 2 3 S 1 trajectories given by the present work as well as those Table 12 . Parameters of the 2 3 S 1 trajectories of the form (1).
Discussions of our results
Comparison of the predictions given by the present work with those given by other references clearly illustrates that the agreement between our results and those of many other approaches is generally satisfactory, which indicates that in the presence of the relations (2) and (3), the quasi-linear Regge trajectory can give a reasonable description for the spectrum of both light and heavy mesons.
From the parameters shown in Tables 2 and 8 , we find that the slopes of Regge trajectories are flavor-dependent and approximately satisfy a From the relations (1) and (2), the following quadratic mass relation can be obtained
With the help of the relation (36) and the parameters shown in Tables 2 and 8 , one can have
here and below, the 1 1 S 0 -like trajectories (1 3 S 1 -like trajectories) denote the trajectories whose slopes coincide with those of the 1 1 S 0 trajectories (1 3 S 1 trajectories). The similar relations
for all the trajectories,
have been proposed in Ref. [8] based on the simplification that the Regge slopes in the light quark sector are the same for all the meson multiplets. The non-integer coefficients in (37), (38) 
from which, one can naturally expect that the Gell-Mann-Okubo mass relation M 2 nn + M 2 ss = 2M 2 ns [44] can hold for all the multiplets with a good accuracy.
In our present work, the masses of the strange members of 
one can extract θ K , the mixing angle of K 1A and K 1B , is about 54.5 • . Such result is inconsistent with θ K ∼ 33 • suggested in Refs. [19, 42] , however, it should be noted that the masses of K 1B and K 1A predicted by us are in excellent agreement with the results that and M K 1A = 1322
MeV suggested by Burakovsky and Goldman in a nonrelativistic constituent quark model [45] , also with the results that M K 1B ≃ 1.368 MeV and M K 1A ≃ 1.31 GeV given in Ref. [46] . Further, inputting M ss = 1.405 GeV which is obtained in the presence of M K 1A = 1.318 GeV, and repeating the calculation of our previous paper [47] , one can have |f 1 (1410) = cos θ|8 − sin θ|1
and |f 1 (1285) = sin θ|8 + cos θ|1 with θ = 47.3 • , which is in agreement with the value of θ ∼ 50 • suggested by Close and Kirk [48] .
Particle Data Group state that the K * (1410) could be replaced by the K * (1680) as the 2 3 S 1 state [2] . The problem with the K * (1410) is that it is much too light to be the 2 3 S 1 state, even if one takes into account the 2 3 S 1 − 1 3 D 1 mixing, therefore it is suggested by Törnqvist [49] that one can well doubt the existence of the K * (1410). In Table 13 -I, the mass of the strange member of the 2 3 S 1 multiplet is determined to be the value of 1.573 GeV, which is in excellent agreement with the value of 1.58 GeV predicted by Godfrey and Isgur [19] states. Our results support the state K * (1573), rather than the K * (1410), being the member of the 2 3 S 1 multiplet, which also agrees with the conclusion given by Ref. [50] .
The masses of the pure ss states predicted by us can not be directly measured experimentally, since the pure isoscalar nn and ss states usually can mix. However, comparison of the mass of the pure ss state with that of the physical states (mainly SU(3) singlet) can help us to understand the mixing of the two isoscalar physical states of a meson nonet. For example, for the 1 1 S 0 nonet, M η ′ ≈ 9.578 GeV [2] and M ss ≈ 0.702 GeV shown in Table 3 -I, which implies that the η and η ′ must be non-ideally mixing. However, for the 1 3 S 1 nonet, M φ ≈ 1.02 GeV [2] and M ss ≈ 1.01 GeV shown in Table 9 -I, which implies that the ω and φ are almost ideally mixing. The above deduction is consistent with the usual understanding of the mixing picture
For these heavy-quark states such as the η b (1S), B * s and h c (1P ) which are not included in the Meson Summary GeV, as the mass of the bb state, although the bb member of the 1 1 S 0 is not well established experimentally. Note that, as shown in Table 3 Tables 3-II and 3-III. Therefore, if the state η b (1S) is confirmed experimentally, it would be a good candidate for the bb member of the 1 1 S 0 multiplet. From Table 5 -II, it is clear that the agreement between the theoretical result on the mass of the cc state of the 1 1 P 1 multiplet and the experimental result that M hc(1P ) = 3526.14 ± 0.24 MeV [2] is good. Also, Table 9 -II indicates that many predicted results on the mass of the sb state of the 1 3 S 1 multiplet are in good agreement with the measured result that M B * s = 5416.6 ± 3.5 MeV [2] . Therefore, if the h c (1P ) and B * s are confirmed experimentally, the suggestion that the h c (1P ) is the cc member of the 1 1 P 1 multiplet and the B * s is the sb member of the 1 3 S 1 multiplet seems satisfactory.
Recently, the quantum numbers of the D sJ (2457) was measured by the Belle Collaboration [52] , the mass of the D sJ (2457) is determined to be the value of 2456.5 ± 1.3 ± 1. 18 the mass of the cs state of the 1 3 P 1 multiplet is about 2.5 GeV.
Summary and conclusion
In the quasi-linear Regge trajectory ansatz, with the help of additivity of inverse slopes and intercepts, the parameters of the 1 1 S 0 , 1 1 P 1 , 1 3 P 1 , 1 3 S 1 , 1 3 P 2 and 2 3 S 1 trajectories are extracted. Based on these parameters, the masses of the states lying on these Regge trajectories mentioned above are estimated. Our predictions are in reasonable agreement with those suggested by many other different approaches. We therefore conclude that the quasi-linear Regge trajectory can, at least at present, give a reasonable description for the meson spectroscopy, and its predictions may be useful for the discovery of the meson states which have not yet been observed.
